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The classical results of algebraic deformation theory may be unified and 
generalized through the use of enriched triple cohomology (T. F. Fox, Proc. Amer. 
Math. Sot. 78 (1980), 467472). We continue this work. In particular, the theorems 
of Coffee and Gerstenhaber on jump deformations are shown to hold in this general 
setting. ‘I 1987 Academic Press, Inc 
PRELIMINARIES 
Let R be a commutative ring with unit. An R-coalgebra is a module C 
equipped with maps 6: C + CO C and E: C -+ R satisfying the usual 
associative, unitary, and commutative conditions. A point (group-like 
element) in C is an element (y) such that ~6 = y 0 y and YE = 1. A primitive 
(d) over y is an element satisfying dS = d@y + y @d and d& = 0. A one 
parameter deformation of ‘J is a sequence y.+ = (Y~),,~~ in C such that 
y,16=Ci+,=,,yi@y,, y,,=y, and y,,&=O if n>O. The first nonzero term of 
y* (after y) is the infinitesimal of y.+ and is a primitive over y. 
As in [4] we begin with a category of algebras defined by a triple 
(T, ~1, q) on Mod-R. Given an alebra CY: AT + A we may construct the non- 
homogeneous complex of coalgebras (A, A) + (A T, A) + (A T2, A) + . . ., 
which defines the enriched cohomology modules. The subcomplex of 
primitives (over the distinguished points 1, LX, crTcr, etc.) yields the more 
usual Barr-Beck triple cohomology groups, denoted H”(E), (see [ 1,2]). 
Let y* be a deformation of the identity in (A, A). y* is a formal 
automorphism of CI if ay, = y* Tee, so ay,, - y, TM = 0 for all n. Thus, given 
any prospective yn we find ~,,a’ is a primitive 1-cocycle whose vanishing is 
necessary for (Y,);<~ to be unobstructed as a formal automorphism. 
*This work was partially supported by the F.C.A.C. du Quebec and the Ministre de 
I’Education du Quebec. 
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1. PROPOSITION. If H’(cY) =0 then every formal automorphism of a is 
unobstructed. 
If CC.+ is a deformation of c1 in (AT, A), CY* is algebraic if pa, = c1* Tcr,. 
Two deformations, CX* and al,, are equivalent if there is a deformation t, of 
the identity such that r* Ta, = C&Z*. c1* is trivial if it is equivalent to 51. If 
CI* is trivial we have r.+ TLY, = IX*, i.e., Ci+,=n z,Ta, = carp for all IZ. 
2. PROPOSITION. Zf CL* is trivial with infinitesimal u,, then c(, is a 
Barr-Beck coboundary. 
Proof We have ~,Tz+a,=ctz,, i.e., r,a=a,. 
3. PROPOSITION. If LX* is trivial, then its infinitesimal is an enriched 
coboundary. 
Letting a,, be the infinitesimal we see that ~,,a = CI,,. Of course, t, need 
not be a primitive, so CC,, need not be a Barr-Beck coboundary. On the 
other hand, if CI,~ is not a Barr-Beck coboundary the truncated formal 
automorphism (z,);<,~ is obstructed by CC,,. Hence, 
4. PROPOSITION. Jf there is a trivial deformation of c1 whose infinitesimal 
is not a Barr-Beck coboundary, then there is an obstructed formal 
automorphism of cc. 
If tl, is algebraic its infinitesimal is a (Barr-Beck) I-cocycle. The proof of 
the following in [4] is incorrect. 
5. PROPOSITION. Every nontrivial algebraic deformation is equivalent to a 
deformation whose infinitesimal is not a Barr-Beck coboundary. 
Proof: Let gc, be the infinitesimal of CI*, and suppose x8’= LX,. Let z* 
be a deformation of the identity whose infinitesimal is x (there are many 
since (A, A) is cofree). Letting c$, = r* Tcr,t;‘, we find that G& =0 for 
m<n, and 
a:,= c z;T~l&’ = CY,, - aTz, + t, Tcr = CI,, - xc?‘= 0. 
,C,fk=,l 
a’* is equivalent to tl* by construction. If the infinitesimal of a; is not a 
coboundary we are done. If it is a coboundary, we may repeat the process, 
creating 7;. If this process does not terminate, we have 0 = . . . rJ Q* such 
that oTa,a-’ = a, and tl* is trivial. a is a well-defined deformation since 
each of its terms is defined by a finite product of the r’s. 
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COHOMOLOGY OF THE DEFORMED ALGEBRA 
An element of Cn(a*) is a sequence /3,, such that P,,,h= 
C,+j=,,B;lOa:+a:OB,1, where a”,=a,T”-‘...a,Ta, is in (AT”,A). 
If fl,, is a cocycle, its infinitesimal is necessarily in Z”(a), i.e., the infini- 
tesimal is a liftable n-cocycle. The group of liftable n-cocycles is denoted 
Z;(a). H”(a,) has a natural graded structure with components H”(Lx,)~, 
and there are epimorphisms H;(a) -H”(a,), for all k (see [4]). The 
following generalizes a result of Gerstenhaber. 
6. PROPOSITION. The ,following are equivalent: 
(a) The epimorphism H;(a) -+ H”(a,), has a nontrivial kernel. 
(b) There is a k-truncated element of Z”+ ‘(a.+) that is obstructed. 
Proof (b) * (a) is Proposition 7 in [4]. To prove (a) * (b), let {, , = 0 
in H”(a,), and suppose that im, = 0 for m <k and ck, # 0 in H;(a). Let /3,, 
in C”- ‘(cx,) be such that /3,, a = c,, . It is an easy calculation to show that 
the obstruction to extending (b,,,,)mck to an element of Z”-‘(a,) is ik,. 
The elements of C’(a,) are particularly well behaved. For r*, to be in 
Cola,), t,,, must be in C’(U) for all n. If r*, is in ZO(a,) we must have 
r,, Ta, = CI*I*, Thus, xi+ j=n TV, Ta, - a,?,, is the obstruction in Z’(U) to 
extending (xkl h < ,, within ZO(a,) (the class of the obstruction does not 
depend on our choice of z,,,). But T*, looks suspiciously like an 
automorphism of a*. 
7. PROPOSITION. If there is an obstructed 0-cocycle qf a*, then there is an 
obstructed automorphism of a.+. 
Proof: Let (z~,)~<~ be obstructed. Define y* as follows: y. is the iden- 
tity, j,, = 0 for O<m<n, and Y~+,~=T~, for O<k<n. (Y~)~<~,, is then a 
truncated formal automorphism of a* whose obstruction is the same as the 
obstruction of (T~,)~ <,,. 
DEFORMATIONS OF THE DEFORMED ALGEBRA 
A two-parameter deformation of r is a double sequence a** in (AT, A) 
such that am,,fi=G,+ ,=*, k+, =n a,,Oa,, and aoo=a. Of course a,, is 
algebraic if pa * * = a * * Ta,,. It is easy to see that a two-parameter defor- 
mation of a is the same as a one-parameter deformation of either a*o or 
ao*, each of which is a deformation of a. Thus, two-parameter defor- 
mations are just deformations of deformations. We will assume that 
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a *o=a.+, where ix, is a given algebraic deformation of a. If c(*.+ is 
algebraic, then a * i is an element of Z’(cr,). 
In working with deformations of c1.+ one should keep in mind that all the 
results concerning the existence of deformations may be applied to the 
category of algebras with formal structure “maps” CX*: AT + A. For exam- 
ple, H’(cc,) = 0 implies that all formal automorphisms of CL* are unobstruc- 
ted. Furthermore, the obstruction to building a term in a two-parameter 
deformation only depends on the terms of lower total degree, and the 
obstruction lies in H2(~). These observations make the following 
proposition easy. 
8. PROPOSITION. Suppose H'(cl)=O. Then 
(a) every element of Z’(a) is liftable to an element of Z’(a,) for any 
algebraic deformation a* qf a, 
(b) every element of Z’(a,) extends to an algebraic deformation of 
(c) given algebraic deformations a, and a’, there is an algebraic two- 
parameter deformation a,, such that a*O = a, and a,, = a)*. 
JUMP DEFORMATIONS 
Recall that the deformation c1*.+ is a trivial deformation of c1* if there 
exists a two-parameter deformation r.+* of the identity such that 
cI*s**=s** Ta,,. If a,, is trivial, then CI.+, is a 1-coboundary over CC.+, 
but the infinitesimal of tl*, need not be a I-coboundary over a. Thus, 
trivial deformations of a* encourage the existence of nonzero classes in 
H’(a) that lift to zero in H’(a,). We will see that a jump deformation 
yields just such a case. 
The familiar definition of a jump deformation involves polynomials in 
two variables and is easily dualized to our context. Any deformation a, 
gives rise to a family of deformations a’, = (?a,) where r varies over the 
ground ring. If these are equivalent for all r # 0, then a, is a jump defor- 
mation. Equivalently, there is a generic deformation of a* whose triviality 
implies that a, is a jump deformation. Let a;. be defined by a;, = (;) a,. 
It is easy to see that ai* is an algebraic deformation of a.+. 
DEFINITION. a* is a jump deformation of a if a:* is trivial. 
Let a, be the infinitesimal of a,. If t # 0 in the ground ring, then ta, is the 
first nonzero term in a$, , and is therefore a liftable cocycle in Z’(a). If we 
further assume that t is invertible, then a, itself is liftable. Since we may 
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assume that ~1, is not a coboundary, and atI must be a coboundary if a;* 
is trivial, we arrive at the theorem of Coffee and Gerstenhaber [3, 61. 
9. PROPOSITION. If a* is a nontrivial jump deformation having nontrivial 
infinitesimal a I) and t is invertible in the ground ring, then the epimorphism 
H! (a) -+ H’ (a .+ ), has a nonzero kernel. 
10. COROLLARY. Suppose the ground ring is a field of characteristic zero, 
and a* is a nontrivial jump deformation of a. Then 
(a) dim H’(a,) < dim H’(a). 
(b) there is an obstructed automorphism of a*. 
CHARACTERISTIC p 
Suppose the ground ring is a field of characteristic p, and a, is an 
algebraic deformation of a. If the index of every nonzero term of a.+ is 
equivalent to zero mod p, we say a, is p-indexed. If c(* is not p-indexed, let 
a,, be the first term such that n & 0 (mod p). a, is the p-free infinitesimal of 
a*. Now a,,6 =Cltlcn c(, @ c(, = a, @ c( + a @ c(, since i + j = n implies either 
i or j is not 0 (modp). Thus a, is a 1-cochain over a. Similarly, since a.+ is 
algebraic, ax, must be a cocycle. 
11. PROPOSITION. Let a* be an algebraic deformation of a. Then a* is 
equivalent to a deformation a!+ such that either ai is p-indexed or the p-free 
infinitesimal of a; is not a coboundary. 
Proof Similar to Proposition 5 above (replace “trivial” by 
“p-indexed”). Note that the machinery used does not alter the p-indexed 
terms that preceed x,. 
Assuming a* is nontrivial, by applying Propositions 11 and 5 suc- 
cessively we may assume both the infinitesimal and the p-free infinitesimal 
of a* are not coboundaries. 
Now suppose a* is a jump deformation. If CI,, is the p-free infinitesimal of 
a *, then a;, is the infinitesimal of ai *, and the first non-zero term of ai, 
is no,,. Thus, na,, lifts to the Barr-Beck coboundary MI,. 
12. PROPOSITION. Let a.+ be a nontrivial jump deformation which is not 
p-indexed. Then there is a nonzero element of H’(U) which lifts to zero in 
H’(a,). 
13. COROLLARY. Let a.+ be a jump deformation which is not p-indexed. If 
every truncated automorphism of a, is unobstructed, then a, is trivial. 
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If c(* is p-indexed with infinitesimal tl,, then CC:, is the infinitesimal of 
CC;, and is an enriched coboundary over c1.+. If cri, is a Barr-Beck coboun- 
dary, we again obtain a trivial lifting of a nontrivial cocycle and an 
obstructed automorphism of a,. If ai, is not a Barr-Beck coboundary, 
then Proposition 4 shows there must be an obstructed formal 
automorphism of c(.+. In either case we have 
14. PROPOSITION. If a, is a nontrivial jump deformation, then there is an 
obstructed formal automorphism of cc,. 
ABSTRACTION 
We need not assume the base category is a category of modules. It need 
only be an additive monoidal-closed category, as in [S]. 
The use of coalgebras may be avoided by using an indexing category in 
the definition of the enriched cohomology. In that case, our deformations 
take on the classical appearance of power series with coefficients in 
Hom(A T, A), a p-indexed deformation is just a power series in xp, etc. But 
what is gained in appearance is more than lost in the ugly machinery 
necessary to make it work. 
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